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P R O B A B I L I T I E S  O F  D I A T O M I C  M O L E C U L E S  W I T H  A 

P O T E N T I A L  
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A.  I .  L u k o v n i k o v ,  a n d  V.  I .  S e I y a k o v  

M O R S E  

UDC 539.196.3 : 539.196.5 

This paper  is a continuation of the computations of the excitat ion probabil i t ies  of the rotat ional  degrees  of 
f reedom of diatomic molecules  during coll isions ca r r i ed  out in [1]. In connection with the enormous computa- 
t ional difficulties occur r ing  in quantum-mechanicaI  computations [2 ] , aquas ic lass ica l  approach [3] is used 
which allows obtaining analytical  dependence of the probabil i ty  on both the number  of the rotat ional  level  char -  
ac te r iz ing  the t rans i t ion  and on the energy  of the colliding par t i c les .  This last  c i rcumstance  is a factor  of no 
little importance in the application of the probabil i t ies  obtained in the descr ip t ion of the level kinetics of ro -  
tat ional  re laxat ion under different  conditions, for  instance, under the efflux of gas mixtures  f rom a slot of 
nozzle into a vacuum. 

Analytic express ions  are  obtained in this paper  for  the rotat ional  t ransi t ion probabil i t ies  at which the 
quantum numbers  of one ( R - T  t ransi t ions)  or  both (R-R  transi t ions)  molecules  change by 1 or  2. A multipli-  
cative integral  is used in the solution of the sys tem of equations for the probabil i ty amplitudes of the appropr i -  
ate p roc e s se s .  In cont ras t  to [1, 3], the change in energy in an inelastic collision is taken into account in the 
c lass ica l  equation of motion, and the averaging of the probabiIi t ies  with respec t  to the total energy  is ca r r i ed  
out more  co r rec t ly .  An exper imenta l  potential  and a potential in the Morse  form are used in computing the 
probabi l i t ies .  The need for such computations is due, in par t icu la r ,  to the substantial  influence of at t ract ion on 
the magnitude of the probabil i ty for  low energ ies  of the cooliding molecules .  

Let  us reca l l  that according to the method descr ibed  ea r l i e r ,  the molecule t r a j ec to ry  is considered 
c lass ica l  with the use of the spher ica l ly  symmet r i c  par t  of the in termolecular  potential,  while the rotat ional  
motion is considered quantum mechanical ly .  The anisotropic par t  of the potential  hence governs the form of 
the per turbat ion  operat ion.  

Moscow. Trans la ted  f rom Zhurnal  Prikladnoi  Mekhaniki i Tekhnicheskoi Fiziki,  No. 3, pp. 10-18, May- 
June, 1978. Original ar t ic le  submitted April  15, 1977. 
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Le t  us examine  a s y s t e m  consis t ing of two colliding molecu les .  The ro ta t ional  motion of the  s y s t e m  is 
de te rmined  by the Schroedinger  equation 

~t, ~ = [~7 ) + i f2  + ~ + v~] ~, (1) 

~" Hr(i) where  H r is the Hamil tonian of re la t ive  ro ta t ion  of the moleouie ,  is the Hamil tonian of f r ee  rotat ion of 
the i - th molecule ,  ~I, is the angular  pa r t  of  the wave function of the s y s t e m  of two molecules ,  and V r is the pa r t  
of  the i n t e rmolecu la r  potential  dependent on the molecule  or ienta t ions .  

The angular  p a r t  of the wave function desc r ib ing  the s ta te  of the s y s t e m  of two molecules  can be r e p r e -  
sented in the f o r m  of  a product  of  angular  p a r t s  of wave functions cha rac t e r i z ing  the f ree  rotat ion of the mo le -  
cules and the wave function governing the rota t ion of the s y s t e m  as a whole. Using the model  of a rigid ro t a to r  
to desc r ibe  the rota t ion of the d ia tomic  molecu les ,  we can expand the angular  pa r t  of  the wave _function in the 

/ 

s p h e r i c a l  ha rmon ic  functions Y [11: 

~, = ~ C (Amd.,m.2]m I t) exp --  W [~ (]1) § e (]2) - w (J)] ;'< 
i~h,r 

~tfflzm 

x Y~,,,, ( %  ~,) Y~-:m. (% ~)I".~,, (0, ~), (2) 

where  Ji and m i a re  quantum number s  cha rac t e r i z ing  the in t r ins ic  rota t ional  moment  of the i-th molecule  and 
its pro jec t ion;  j and m are  quantum numbers  cha rac t e r i z ing  the angular  m o m e n t u m  of the .relat ive rota t ion of 
the molecule  and its project ion;  ~ (Ji) is the ene rgy  of f ree  rotat ion of the i- th molecule;  w(J) is the ene rgy  of 
re la t ive  rota t ion of the two molecu les ;  Oi and .~i a re  angles cha rac t e r i z ing  the rotat ion of the i- th molecule;  
Oi and q~i are  angles desc r ib ing  the re la t ive  rotat ion of the molecu les ;  and C(jlmij2m~JmIt) are  expansion co- 
ef f ic ients .  

Le t  us note that  e(j)=B0J( j ~-1), where  B 0 is the ro ta t ional  constant  of the molecule .  

Substituting the wave function (2) into (1) and taking account of the o r thonormal i zed  sphe r i ca l  ha rmon ic s ,  
we obtain an equation for  the coeff ic ients  C(jlmlj~m~JmIt) which can be wri t ten in the ma t r ix  fo rm [1, 3] 

dC(t)/dt  = A~( t ) ,  

where  A is a He rmi t i an  ma t r ix  with the. e l emen t s  

A (],md.,m~Jrn I0  --  <];m]il ,n~J'm']V~ I]~,nd.,.meJm> exp ( -  ~ [AY. + Aw (J)]}; 

AZ = ~(~,) - ~ ( ~ )  + ~ ( ~ . . ) -  ~ (L;); 

Aw 61) = w (z) - w (33. 

The solution of  such a s y s t e m  with the initial condition 

C (jlml].,nL, J m  1 t ) ~ a  o6 o6JJo6 6 o6 . . . .  - - .i,;~ J:J2 m'm~l m~m2 

as t - -  - 0% where  5 is the Kronecke r  delta,  is e x p r e s s e d  in t e r m s  of a V o l t e r r a  mul t ip l icat ive  in tegral  [5]: 

t 

(t) = ~ ( -  oo) :f ~ (T) dT. 
- - o o  

The t rans i t ion  probabi l i ty  of  a system, of s ta tes  with the quantum number s  ]tmlj2m2 J . 0  0.0 0 0m0 into a s ta te  

j' im'lj T2mt2~'m' equals 

p (]0 ~ j ; ,  h0_+ ]~, j ,  E) = I C (]lml#.m.,Jn~ [ + co I". 

It is convenient  to use  the exp re s s ion  of the mul t ip l ica t ive  in tegral  obtained by Magnus in the f o r m  of an 
exponential  of a ma t r ix  s e r i e s  [5] for  the calculat ions:  

C ( +  oo) := C( - -  co) exp {K( co)}, 
: - _ ~  - - ~  - / - ~  

k ( +  ~)  j' ~ ~ (3) 
- - a ~  - - z r  T 1  

r 6 , . - 
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where [A(rl)A (v2)] is the c o m m u t a t o r  of the o p e r a t o r s  /~ (r l) and A(r2); exp {K( *~)} = I +K * (1 2)K2+ . . . .  I is 
the unit ma t r ix .  

The se lec t ion  of the i n t e rmo lecu l a r  potent ial  V de t e rmines  the magnitude of the ro ta t ional  t r ans  ition 
probabi l i t i es  and the na ture  of t he i r  dependence on the ene rgy  and the quantum number s .  The magnitude of the 
t rans i t ion  probabi l i ty  de te rmined  for  some one ene rgy  is due to the value of the potent ial  at the g r ea t e s t  
c losure  range  [6]. Short  r anges  play the m a j o r  p a r t  in the sca t t e r ing  of fas t  ne tura l  pa r t i c l e s  by a toms or  
molecu les ,  and the repuls ion  fo rces  a re  governing.  A fas t  change in the total  potent ial  with dis tance p e r m i t s  
the influence of weak a t t rac t ion fo rces  nea r  the initial  and t e rmina l  sect ions  of the t r a j e c t o r y  to be neglected.  
However ,  as will be shown below, long- range  a t t rac t ion  fo rces  indirect ly  influence the rota t ional  t rans i t ion  
probabi l i ty  dur ing col l is ions with low ene rg i e s  by acce le ra t ing  the re la t ive  motion of the colliding pa r t i c l e s .  
Fo r  coll is ions between polar  molecu les ,  the d i p o l e - d i p o l e  p a r t  of the in teract ion is often t aken in to  account as 
the component  of the long- range  fo rces ,  toge ther  with the usual  components  of the potent ial  in the Morse  or  
Lermard-gones  f o r m  [7]. It would be fa lse  (even for po la r  molecules)  to l imit  onese l f  to jus t  d i p o l e - d i p o l e  
in teract ion [8], which is valid only at r e m o t e  ranges .  A potent ial  in the Morse  form,  which also takes  a t t ract ion 
into account  in con t ra s t  to the exponential  potential ,  is used in this paper .  Fo r  a pa i r  of d ia tomie  molecu les ,  
the potent ia l  is he re  e x p r e s s e d  in the f o r m  of the sum of in teract ion potent ia ls  between s epa ra t e  a toms of the 
molecu les :  

V - -  ~ ~ {D~kexp(--a.~r~)--D~exp(--~hr~k:,2)}, (4) 
h=a,t~ ";,= 1,2 

where  D ' ik  , D"ik , and a ik a re  i n t e rmolecu la r  potent ia l  p a r a m e t e r s ;  r ik  is the spacing between two a toms of 
the colliding molecu les .  

If  the in te rnuc lea r  spacings  }i a re  sma l l  compared  to the in te rmolecu la r  spacing R, then (4) for  the in- 
t e r m o l e c u l a r  potent ia l  can be expanded in a s e r i e s  of  Legendre  polynomials  Pi(cos • [3]. Assuming C~ik to be 
identical  for  all p a i r s  of  a toms,  let us r e p r e s e n t  the in teract ion potent ia ls  between the two identical  d ia tomic  
molecu les ,  consis t ing of a toms with m a s s e s  tt 1 and P2, in the fo rm 

V 
i=-l  i=l 

i + • P~ (cos Z.,) -- . . .  - -  e - W  B" § ~ B~o [Pi (cosX~) ~- Pi (cos Z.,)I + 

= ~ ,  B~'~ P~ (cos Z,) P~ (cos Z~) + . . . .  (5) 

where  B ' = a ~ *  2 ' �9 = ' /3 a 2, B ' l o = a ' l ;  B2o=2/3a'~; B3o=2/sa's; B'4o=S/~sa~4; B'II  =b~l; B'22 4/sb'2; 

. , :  ,~ ,~,~(z),~+z)i ,  ) ,4 = (~->'  ~'~ (D;o+ V;,)  "-(--  ' ' " 
1! (.% -k ,%)l 

ol , . .I  ~ I l ' , ~ ' 
b~ = ( ~ z )  ~-z t q  D22 ! ( - -  i) 2,ttl,u 2 D i e  = - ,  ~. D I i "  

I:' (~q ~- ~.2) 2~ 

and • is the angle between the d i rec t ion  of the in te rmolecu la r  vec to r  and the axis of the i-th molecule .  

The same  re la t ions  can be obtained for  the coeff icients  B"ik  as for the coefficients  B,ik by replac ing  
D' ik  by D"ik and ~ and or/2. Let  us note that the convergence  of the s e r i e s  (5) is de te rmined  by the sma l lnes s  
of o~. 

The ene rgy  conserva t ion  equation for  a s y s t e m  of two colliding molecu les  is wri t ten in the fo rm 

i--- M ( ~ ) z  := E - -  Vo(R ) J21iz 
2 2 .un~ '  (6) 

where  E is total  e n e r g y  of the s y s t e m  of  two molecules  without taking account of the energy  of the internal  de-  
g r ee s  of f r eedom,  V0(R) is the sphe r i ca l  pa r t  of  the in t e rmolecu la r  po ten t ia l ,  Jh  is the angular  momentum of 
the re la t ive  rota t ion of the molecu les ,  and M is the reduced m a s s  of the two pa r t i c l e s .  

The quanti t ies  E and J a re  changed when inelas t ic  coll isions occur ,  pa r t i cu l a r ly  rota t ional  t rans i t ions .  
Hence,  the r ight  side of (6) for the t imes  before  and af ter  col l is ion differs  by the sma l l  quantity A E, equal to 
the change in absolute value in the in ternal  ene rgy  of the s y s t e m  during the collision. The change in J during 
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the cul l is ion can be neglected;  s ince a change in s e v e r a l  units ~is negl igibly small: for  l a rge  J (~30-40), and for  
sma l l  J the magnitude of the ene rgy  of re la t ive  molecule  rota t ion is cons iderab ly  l e s s  than the kinet ic  energy  
of the coll iding molecu les .  To s impl i fy  (6), the va r i ab l e  quantity R was r e p l a c e d  by the constant  R c c h a r a c t e r -  
izing the r a n g e  of effect ive  molecule  in teract ion [1] in the  t e r m  desc r ib ing  the r e l a t i v e  molecule  rota t ion.  

The solution of  (6) by us ing  the s p h e r i c a l l y  s y m m e t r i c  p a r t  of the in t e rmolecu la r  potent ia l  V0(R) = 
B ' e - ( f f t - B " e - ~ R / 2  p e r m i t s  finding the motion t r a j e c t o r y  of the coll iding molecu les  and, the re fo re ,  a lso  t he  
t ime  dependence of t h e p e r t u r b a t i 0 n o p e r a t o r  cha rac t e r i z ing  the molecule  interact ion.  In this case ,  the t e r m s  
in the exp re s s ion  for  the po ten t ia l  are  w r i t t e n t n  the f o r m  

'"( ' " '  v <( 
=.B,,-'- T E 2.11R21 ~ ,E -  2,11112) ch ~ E _ i  

B-o- =2 ,< -  .,.,,,,;;o,, J~h 'z "~ t] -1. 

[ ' ] If  the c o m m u t a t o r  ~ (t), i-4 ( t )d t  tends to ze ro  and the in teract ion is "weak" (i.e., the ma t r ix  e lements  

K are  suff icient ly smal l ) ,  only the f i r s t  t e r m s  can be kept in the r ep re sen ta t i on  (3). In this case  the ro ta t ional  
t r ans i t ion  probabi l i ty  in the col l ison of two molecu les  will equal  the square  of the absolute value of the ma t r ix  
e l e m e n t  of  the pe r tu rba t ion  o p e r a t o r  for  this t rans i t ion .  

Evaluat ing the ma t r ix  e l emen t  of  the pe r tu rba t ion  o p e r a t o r  and averag ing  the probabi l i t i es  with r e s p e c t  
to the p ro jec t ions  of  the initial angular  m o m e n t u m s  mi,  m2, and m,  we obtain the following exp re s s ion  for  the 
ro ta t ional  t rans i t ion  probabi l i ty  dur ing m o l ecu l e  col l is ions:  

P(: ,  ~ ]i, ]~-*/~, J ,  E) = 

2a~.1I B "~ 
= ~ - f - r  x 

where  

A2~, 

ha [ J"-h 2 ha V B"'; 
E - -  2MR-'--~ 

7 : , ,  arecos [--  B" ~ ~, 

Le t  us note tha t  fl ' and y '  a re  the s a m e  functions as 13 and y ,  with r e s p e c t  to E' and J ' ,  where  E'  = E + 
Moreove r ,  in the ca se  of deact ivat ion of one o f  the molecu les  for  one-quantum R - T  t rans i t ions ,  

Jl r  - 1, i,3 = ~ J(J) = t ;  

for  two-quantum 1~',-' T t rans i t ions ,  

9 h ( h  - -  t)  �9 (jl--~jl-- 2 ,  j : )  = ~ ( 2 i x _ i )  (2j l_~. l )  , 

j t + j _ !  . 
I(])  = 4 (2F4~. ~ ~)' 

and f o r  one-quantum 1~-R t r ans i t i ons ,  

r  ~ j~ - -  1, 1~.~ i2 - -  1) - 197 S,S~ 
~0--~ (2h + l) (2s, + i) ' ] ( g )  = t .  

In the case  of  two-quantum R - R  t rans i t ions ,  the averag ing  with r e s p e c t  to the pro jec t ions  is p e r f o r m e d  
on an e lec t ron ic  compute r ,  and the dependence obtained is approximated  by functions convenient  f o r  the sub-  
sequent  ca lcula t ions .  Consequently,  for  two-quantum R - R  t r ans i t ions ,  

O(j~ -~ Ja --:2, ] . -+ ] ~ -  2)i-- 81 h ( h  --h) 12(1, - -  t) 
~-~ c (% _ i ) ~  ~ - - t 7 ( 2 S ,  + t? 

1(1) = l + ~ -e b)' 
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where  a=5.42 ,  b=7 .82 ,  and e=0 .43 .  

If one or  ~oth molecules  a re  exci ted,  in the exp res s ions  for  @ the rota t ional  quantum number  j should be 
rep laced  by (] -1)  eve rywhere  except  in the s ta t i s t i ca l  weight (2j -1)  in the denominator .  

Le t  us now de te rmine  the t e m p e r a t u r e  dependence of the t rans i t ion  probabi l i ty  of  a molecule  with a j - th  
ro ta t ional  level  dur ing the col l is ion of two molecu les .  Under the assumpt ion  that the dis t r ibut ion of the total  
ene rgy  of the colliding molecu les  is subject  to Gibbs law, and the dis t r ibut ion in the quantum number  J is a 
Bol tzmann dis t r ibut ion,  the ave rage  probabi l i ty  is wri t ten as follows: 

p ( ; ,  ~ ~, ~..-~ ~) = .~: ~,,-~ . 
~ r  B'-';- ~(J~--"h, J~]'~) x 

J*~* 
A X - -  [ .:XY. I ~:  ~, MR2T 2T • e t (2J + l) j(d) e e d J •  

6 

B" B~ ] 
x a~ ] ~ L T - - g ~ ( s h T + •  + 

~ ~ (shT' _ • eh'/)  --  ~ ~ (71 ' sh 1~' e-x  dx, 

w h e r e  x = ( t /T)  [ E -  (j21i2/2MR20)] f or  AZ > 0; x = ( l /T)  [ E ' -  (ff2ti2/2MR2c) ] for  AZ <0;  and T is the t e m p e r a t u r e  in 
e n e r g y  un i t s .  

U s i n g  the s a d d l e - p o i n t  m e t h o d  to e v a l u a t e  the i n t e g r a l  in (7), the f o l l o w i n g  e x p r e s s i o n s  can be o b t a i n e d  
for  P ( j l - ~ j ' l ,  J~-~J'2): 

A Z - - I A Z  I 
4 a 2 1 I  B "~ 

X (;1 ~')2 -7- ~2(~1-" ;2) t" g~, ' i"~j  e ( , l -~-e  ; 

r,:~ 2 B' r  ~ J]. J~, ~ ] ; )  ( t ~ i ~ , ,  - )'T ~ -  ~ ~ + • - (9) 

} ~ - : - 4  - L ?  '~ ~ ~  

where  
2 --  ,-f~-=xshx; ~., = ~ 7 - x c h x - -  1/' - 2 B' 

~,,ksh( ) ; A 
I t  a 

Because  of the approximat ions  used for the calculat ions,  (8) is valid for  T < •176 ff xTr <1, and for  

1 ,) 

--- eo<T ~ T  so. T < ~ -  %, ff ~,7> 1, while (9) is valid for  .~z-' where  a 0 = B"~/4B' is the depth of the potential  well.  

If  the role  of a t t ract ion is smal l ,  it is poss ib le  to go f r o m  the Morse  potential  ove r  to the potential  of 
exponent ia l  f o r m  [3]: 

{ I ~ \ B "  2 -- ~/3 _3 (_'~T)I A ',_",'3 a'= (10) 

where  T ~ ~21AZ i "2 M/2h'-~z'-. 

Analogous fo rmulas  [1] a re  obtained in computing the ro ta t ional  t rans i t ion  probabi l i t ies  during the col l i s -  
ion between a molecule  and an a tom.  

The fo rmulas  obtained a re  valid when the mat r ix  e lements  K, meaning the t rans i t ion  probabi l i t ies ,  are 
smal l .  If  this  condition is not sa t is f ied,  then the contribution of the next t e r m s  in the expansion (3) to the p rob-  
abil i ty should be taken into account.  Such a computat ion can be p e r f o r m e d  by using an e lec t ron ic  computer .  
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The t e m p e r a t u r e  ranges  in which the e x p r e s s i o n s  fo r  the probabi l i t i es  a re  appl icable a r e  de te rmined  by 

I ~1 l/r2.-~ the value of the p a r a m e t e r  x == ~ ,  70. F o r m u l a  (8) is val id  at the t e m p e r a t u r e s  T < e 0, while fo rmula  (9) 

is valid for  T:> e0 (for the molecu les  HC1- HCI, for  instance,  for  T> 300"K). 

The t rans i t ion  probabi l i ty  grows with the r i s e  in t e m p e r a t u r e .  Fo r  ~ <1, as well as for  ~ >  ] t h e  p rob-  
abf l i t iss  at low levels  inc rease  with the r i s e  in the number  of the level  j, and for  ~:> 1 they diminish  exponen-  
t ia l ly  a t  h igher  l eve ls .  Here  the l a r g e r  the  ro ta t ional  cor, s tant  B 0 of the molecule ,  and the s m a l l e r  the value 
of ~, the m o r e  rap id ly  does the p robab i l i ty  d e c r e a s e .  

Although exact  re la t ionships  between the coeff ic ients  in the anisot ropic  pa r t  of the potent ia l  a re  unknown, 
it is in teres t ing  to com pa re  the di f ferent  t r ans i t ion  probabi l i t i e s  on the bas is  of the resu l t s  of  this paper .  E s -  
t ima t e s  show that  the p robabi l i t i e s  of  one-quantum R - T  and R - l ~  t rans i t ion  a re  s e v e r a l  t imes  g r e a t e r  than the 
probabi l i t i es  of two-quantum R - T  and R - R  t rans i t ions .  Here  the ra t io  between the probabi l i t ies  of the one-  
quantum and two-quantum t rans i t ions  i n c r e a s e s  with the inc rease  in j. However ,  let us note that the p robab i l i -  
t ies  of two-quantum t rans i t ion  can be c o m m e n s u r a t e  to the probabi l i t i es  of one-quantum t rans i t ions  for  sma l l  
va lues  of ~t cor responding ,  pa r t i cu la r ly ,  to la rge  ~.  But this is only o b s e r v e d  for smal l  j. Such a dependence 
of the ro ta t ional  t rans i t ion  probabi l i t i es  on the number  of  the level  j can be explained by the fact  that the spacing 
be tween the low levels  is so sma l l  that  the kinetic ene rgy  turns  out to be sufficient  to cause  mul t iquantum t r a n s -  
itions. The spacing between the levels  i nc reases  for  large quantum number s  j and one-quantum p r o c e s s e s  turn  
out to be m o r e  effect ive .  

The probabi l i t i es  of R - R  p r o c e s s e s  a r e  l ess  than the probabi l i t ies  of R - T  p r o c e s s e s  when both colliding 
molecu les  a re  s imul taneous ly  exci ted or  deact iva ted ,  but a re  c o m m e n s u r a t e  and even g r e a t e r  if counter  R - R  
t rans i t ions  a r e  cons idered  (one molecule  is exci ted while the o ther  is deact ivated) .  

Let  us note that  the  exponential  potential  y ie lds  a di f ferent  dependence of the probabi l i t ies  on ~ j, andthe  
o ther  p a r a m e t e r s  at low t e m p e r a t u r e s  than does the Morse  potential .  The probabi l i t ies  (10) obtained by using 
the in t e rmolecu la r  potent ial  in exponential  f o r m  d i f f e r  f r o m  the r e su l t s  in [1, 2]. This is re la ted  to the di f -  
fe ren t  method of  taking the ave rage  with r e s p e c t  to the ene rgy  as well  as to the m o r e  accura te  solution of the 
c l a s s i ca l  equation of  motion. The  probabi l i t i es  obtained in this pape r  sa t i s fy  the pr inciple  of  detailed equi l ib-  
r ium.  
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